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Background

1. Uncertainty plays an important role for model
and reliability updating

2. Reasonably quantification of uncertainty is
crucial for digital twining
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

Classical Bayesian Modeling(CBM)

@  Reliability analysis

PF N IF (X) p(X)dX
Failure event F = {x e R™: g(x) < 0}

 Reliability updating

A 4

»  Prior probability of failure

Dataset D P. = LERNB l (0)p(0)do
 Bayes theorem > Posterior/updated probability of failure
Likelihood Prior PDF :
Posterior PDF p(D|0) p(ﬂ) i PF|D = -[BGRNG I (9) p(ﬂ‘ D)dﬂ
P(0[D) = e
p(D) | 0 ~p(6D)
Evidence i

Papadimitriou, Beck, & Katafygiotis. (2001). Updating robust reliability using structural test data. PEM, 16(2), 103-113. 6/35



Bayesian Modeling Vs Hierarchical Bayesian Modeling
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« Parameter uncertainty decreases as the number
of data increases (Epistemic uncertainty)

» Reliability updates based on data

O What if we have multiple datasets?

O Uncertainty due to variability (irreducible)?
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

Multiple datasets b

Type I: many components/individuals/members in a population

Example: "ldentical” components manufactured for the same car brand-model

- —-/,h-
!

Type Il : multiple experiments in a specific system/component

Example: Single dynamical structure using many measurements (datasets)

50
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Dataset D, Dataset D,
Ou, et al., SCHM, 28.6 (2021): £2660. 8/35




Bayesian Modeling Vs Hierarchical Bayesian Modeling

Hierarchical Bayesian Modeling(HBM)

Hyper-parameters

Parameters for

all datasets

All datasets ‘

Dataset D, Dataset D. Dataset D,

Built on the existing Bayesian formulations
Embed the uncertainty into model parameters
Results in robust propagation of uncertainty

and reliability updating 9/35



Bayesian Modeling Vs Hierarchical Bayesian Modeling

Hyper-parameters v ={ny, Xy}

Model parameters for all datasets & :{91, oo (-)N}

All datasets D={D,,...,D}
Posterior distribution Margmanzation> Posterior distribution

of all parameters of hyper parameters

/
Bayes theorem 1
|
\

Parameterized Prior distribution

PO, 1y, Xy) = Py, Xy) H P(O; [y, Xy)

Likelihood function

p(D|O,n,, Xy) :H p(D; | 6;)
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

Posterior distribution of
all parameters

Marginalization>

Posterior distribution of
hyper parameters

Marginalization

« Posterior distribution of all parameters

p({ei}iNzl’"mEe | D) oc p(py, Zp) H N0, |p, Xy) H p(D; | 6))

* Asymptotic Approximation

p(Di‘ 0,) oc N (0, |0:’Z;)

« Marginal Posterior Distribution of Hyper-parameters

N
P(y, Zy | D) oc Py, Zo) [ [N (g 167, 2y + ;)
i=1
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

Posterior samples of Propagation > Predictive distribution of model
hyper parameters parameters and responses

Predictive Distribution

 Posterior Distribution of the Parameters of Structural Model.

p(01D) = [ p(®n”, (") p(n,, %, | D) dp, dZ,

1 N m m
N_ZN("“‘( L 2") Gaussian mixture

s m=1

« Posterior Distribution of the structural responses.

p(y|D)=[ p(y|0) p(6| D) do

NS

1
~ e(m)
N, m§:1' p(y[0™)
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

Posterior samples of APTIY > Posterior probability
hyper parameters of failure

Reliability given Multiple Datasets

« Posterior probability of failure given multiple datasets is

PF|D = LERNG I ( ) (9‘ D ZL RN9 N(B | u(m) Zém))dﬂ

_ = Z =) (u(m) Z(m)) Posterior samples of

hyper parameters

3 m=1

(m)

where F™(u{™ x™) is the failure probability conditional on the

hyper sample p{™, =™ | given by

FO@ ) = [, 1 (O)N® 17, 2)d0

cRNo

could be implemented to compute F™(u{”,x{")
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

Algorithm for Asymptotic HBM

Step 1: Requires full model runs

Model inference for each data set

Estimate the most probable value

Evaluate the uncertainty

Repeat this step for all data sets

Step 2: Does not require full model runs

Generate samples of hyper parameters

N
P(kg, X | D) oc p(py, Xy) H N (p, |0:120 +2;)

i=1

Compute posterior uncertainty of output Qol and reliability
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

Algorithm for Full Sampling (FS) HBM

Step 1: Requires full FE model runs

Model inference for each data set

obtain samples from the posterior p(4,1d..M;) for each data set by using sampling

Need to run the models in this step
Also need to store evidence and likelihood value for each data set

Step 2: Does not require full FE model runs

Generate samples of hyper parameters

p(d|y,M)~p(y| M)H p(d; |y, M)
where _

p(d, [M,) & P(0 [y, M)

p(d; [y, M)~ N, & p(ai(k)lMi)

Compute posterior uncertainty of output Qol and reliability
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

» Analytical solution for HBM

Variational inference

Idea: to approximate the posterior distribution

! HBM
1
)
using variational distribution i
1
)
|

The joint posterior distribution:

E P(E|D) x p(D|E)p(E)
i Define parameter:

w [ H= {{gi}i’il’{o-iz}i’il’ ‘|’1(P} E

(Mean-field theory
|4 = {83, o) atw)ale)

Model and hyper parameters:

Model parameter: {{ei}i“il,{of}i'il}

Q) e e e = ——

To 3 pproxin;ate > Hyper parameter: {\|I, ([)}

Jia, et al. Mechanical Systems and Signal Processing, 2023, 189: 110060. 16/35



Bayesian Modeling Vs Hierarchical Bayesian Modeling

 Factorized distribution
Q({ﬂi}i'il,{ﬁi}i'il,ue,xe, ,UGZ’EGZ) o Q({Bi}iN:ly{Gi}i’il) a(pe, Xy) q(ILlO.Z ’252)

« Marginal Posterior Distribution of Hyper-parameters
Normal X Inverse Wishart

Ay, Xg) = exp{EE_w [In p(E, D)]} :N(ue |6’%29j IW(ZB |LP’V)

~ o~ N * ~ * ~
Y=-N00" +> E,[06/] = ¥~ (6;-0)(6-0)" +> X,
i=1 i=1 i=1

1
1
1
1
1
1
1
1
* 1
1
1
1
1
1
1
1
1

Generate Samples: (" ~IW(Z,|¥,v),  p" ~ N(ue |6,—>:§,m)j
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

Analytical solution of hyper parameters

~ 1
qpg, Z) :N(ue |9’N29j IW(ZG |LP’V)

1
1
1
Total uncertainty —1 « |t decreases with the increase of data points N.
T, =X, +Z,
The summation of =
epistemic and e i T
aleatoric uncertainty =~ — Aleatoric uncertainty =, :%E(Eei (0,) - 0)(E, (8,) )"
« Aleatoric uncertainty does not decrease as the number
of datasets N increases.

Hyper parameter uncertainty:

.2 1 ..,. &
E("’B’ZG)ZWH 1(“9’29)

Parameter mean value:

.~ 1N

B, =0= WEEG‘ CH
* N is the number of data sets.

* Hyper parameter uncertainty decreases
with the increase of data sets.

« The total parameter mean can be
expressed as the mean value of solving
parameters for each dataset
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

Reliability given Multiple Datasets

Case 1. HBM — given sufficient number of datasets (z(ﬁe,ig):%wme,ﬁe))
Case 2: HBM — considering all samples of hyper parameters

Case 1: Posterior probability of failure given multiple datasets:

Pro =, . 1¢ (0) p(6]D)dO=[ 1 (0)N(O|f,, Z,)d6

Case 2: Posterior probability of failure given muItipIe datasets:
Prep = |, 1 (8) P(6]D)dB = — Z foe 1o QYN " 27)do

ZF(m)( (m) Z(m))

sml

where F™(u{™,x{™) is the failure probability conditional on the
sample p{™,Z{™ | given by
F(m)(u(m) Z(m)) J' N(0|u(m) Zém))dﬂ

could be |mplemented to compute F™ (™, =)
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Bayesian Modeling Vs Hierarchical Bayesian Modeling

Reliability given Multiple Datasets

Special Case: Linear limit state function
G@)=a'0+b
The failure probability conditional on the sample p{™ (™ is

O 2" = | NI E")de=a(-4")

a'0+b<0

where p™ is the reliability index condition on a hyperparameter sample

a'pn™ +b
a'xa'

,B(m) _

The posterior probability of failure given multiple datasets is

Pr(F):NiicD(—ﬁ“"))

s m=1

the average of the failure probabilities over all hyperparameter samples.
20135



Bayesian Modeling Vs Hierarchical Bayesian Modeling

Two notes:

1. Apply HBM to datasets monitored periodically (e.g., year-by-year monitoring)

Key Points:
* Framework can be applied iteratively across monitorig periods.
« Variability due to damage introduces changes in reliability estimates.

Posterior Nest year's data Posterior

/L s k

HBM HBM
| Reliability changes due to damage in the structure

Current year’s data

2. Reliability Updates over Time
Use the posterior distribution from the current year's analysis as the prior for the
next year's data.

Key Points:

« HBM enables dynamic reliability updates.

» Ensures consistent integration of new information over time

HBM Posterior Used for |
/\__ —— Prior for the next year’s data

Current year’s data
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Application to Structural Dynamics

Simulated example: 3-DOF linear structure with modal properties data

I, ”3(t)
VIO II4 —
C'3 k3
e’ u, (1)
VPO —
CZ}_/ k2
- (1)
L L —
G
J}g}/" ,
7777

Structural Model

1. Known Mass Matrix

2. Parameterized Stiffhess K =

Probabilistic Model

1. Hyper-parameters

2. Measurements: 100 Sets of modal properties data

soc R EIEICEEEEN A

i—1 0995 1 1.005 099 0995 1 0995 1 1005 0015 002 00250.016 002 0024 0028 0.016 002 0024 3 32 34
= x10*

Hq Hq Hq % % % o
1 2 1 2 3

Posterior distribution of hyper parameters 99,55



Application to Structural Dynamics

Mean values of hyper parameters using HBM (asymptotic, full sampling) and CBM

~

Parameters Hy Oy M, Ty, Ha, O,

A-1(HBM) | 1.0024 0.0280 1.0008 0.0254 0.9947 0.0255
A-2(HBM) | 1.0007 0.0224 1.0004 _0.0233  0.9955 0.0171
FS (HBM) | 1.0023 0.0217 1.0013 0.0234 0.9963 0.0177

CBM 1.0023 0.0031 1.0011 0.0031 0.9947 0.0022

Methods

0 10 20 30 40 50 60 70 80 90 100

Identification uncertainty and parameter uncertainty as a function of the number of datasets Np,
with N ranging from 1 to 100
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Application to Structural Dynamics

1000 parameters (Stochastic loads) + 3 model parameters

3000 100 - , . :
——HBM 5
2500
2L
107 ¢
2000 i HBM :
_ ~~ O HBM-Intermediate levels
=} Iy : CBM
g 1500 = 107 ¢ O CBM-Intermediate levels
o) <
= T I
1000 - =
10°¢
500 + i
0 1 1 1 1 L '8 [
10 L 1 I 1 | 1 q)
2 2.2 24 2.6d 2.8 3 3.2 _?;.4 ) 22 2.4 26 )8 3 314
max x10 do x 10-3

Posterior predictive distribution of the maximum drift in the simulated case and the
exceedance probability of the maximum drift
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Application to Structural Dynamics

Simulated example: 20-DOF nonlinear structure with time histories data

0.07 | : 0.07 .
m T L - o
l 20 | 0.06 | Gideis .- 0.06 T
: 0.05
z 0.05 | . g¢ o
L el - - = -
Gy %}( % @sy5 Bro> V205 Aros Moo ) e B
20 | Ky 0.041"8 0.04} -
I 1 I =
I 1 : 0.03 | 3 0.03
| m, | 0.02

0.960.98 1 1.02
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N,=100
k, s s Vas Aoy N,=500
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excitation %I»% )
ﬁ . .
e e Posterior samples of hyper parameters using VI
&4 * Nb is the number of data sets.
E >
g0 « As the increase of the datasets, the
? i uncertainty of the hyper parameters
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Application to Structural Dynamics

Case 1: HBM - only considering the means of hyper parameters

Case 2: HBM - considering all samples of hyper parameters

Case 3: CBM
50 35 . . ; | 140
—HBM-Mean only
45 —HBM-AIl samples
30r CBM
40}
35 B 25 B 100 B
z z z
‘=2 30 = =
g S20F S 80F
a a a
£25 £ £
= z 15} 2 60 |
A A A
15 10k 40
10 .
4 5t % : 20
1 / | \
0 1 P 0 1 1 . 0 1 /-\L
0.8 1 1.2 0.8 1 1.2 1.4 0.8 1 1.2 1.4
91 92 93
PDF of model parameters for Cases 1-3
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PDF

Application to Structural Dynamics

x10
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Posterior predictive distribution of the maximum drift for Cases 1-3
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Application to Structural Dynamics

Failure probability estimate
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Application to Structural Dynamics

Experimental example: 3-DOF linear structure with 19 modal properties
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Estimates of mean and standard deviation of the model parameters and prediction error parameters

~

HBM ‘[

Parameters He, oy Ho, G, Hy, 0, c 2
A-1 0.7735 0.0068 1.1548 0.0084 1.0301 0.0063  0.0215 0.0010
A-2 0.7757 0.0040 1.1523 0.0041 1.0317 0.0041  0.0223  0.0012
ES 0.7769 0.0043 1.1524 0.0044 1.0309 0.0042  0.0224  0.0012

CBM 0.7755 0.0032 1.1526 0.0033 1.0317 0.0034  0.0226  0.0012

2935




Application to Structural Dynamics

5 95% UB Prediction
Actual Measurement
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(b)
Predicted acceleration response history of the third story considering (a) only structural
parameters uncertainty, (b) both structural and prediction error uncertainties 30/35
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Application to Structural Dynamics

Experimental example: Simple supported beam

}‘ 2920mm >(

1. Five sensors 3. Five parameters (three parameters related to elastic

2. Nine different frequency ~ modules and two parameters in Rayleigh damping model)
response function datasets 31/35



Histogram Count Histogram Count

Histogram Count

Application to Structural Dynamics
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Posterior distribution of hyper parameters using VI
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Application to Structural Dynamics

1072}
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Failure probability, Pf
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4 do
HBM CBM

Failure probability of simple supported beam with maximum displacement
using (a) HBM (b) CBM

0.011558 0.01155805 0.0115581 0.01155815 0.0115582
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Conclusions

Classical Bayesian framework may severely underestimate
uncertainties

Promoted the idea of embedding uncertainties into the system model
parameters, introducing a HBM framework

HBM framework provides a more realistic account of the modeling
uncertainties. It successfully incorporates uncertainties that are
irreducible into the posterior uncertainty

HBM framework is applied to updating reliability based on monitoring
data

Framework applicable to general dynamical systems
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